arXiv:2201.13097v2 [math.OC] 1 Feb 2022

Sample Optimality and All-for-all Strategies in Personalized Federated
and Collaborative Learning

Mathieu Even', Laurent Massoulié"? and Kevin Scaman'

nria - Département d’informatique de ’'ENS
2MSR-Inria Joint Centre

ABsTrRACT. In personalized Federated Learning, each member of a potentially large set of agents
aims to train a model minimizing its loss function averaged over its local data distribution. We
study this problem under the lens of stochastic optimization. Specifically, we introduce information-
theoretic lower bounds on the number of samples required from all agents to approximately
minimize the generalization error of a fixed agent. We then provide strategies matching these
lower bounds, in the all-for-one and all-for-all settings where respectively one or all agents
desire to minimize their own local function. Our strategies are based on a gradient filtering
approach: provided prior knowledge on some notions of distances or discrepancies between local
data distributions or functions, a given agent filters and aggregates stochastic gradients received
from other agents, in order to achieve an optimal bias-variance trade-off.

1. INTRODUCTION

A central task in Federated Learning [McMahan et al., 2017, Kairouz et al., 2019] is the training
of a common model from local data sets held by individual agents. A typical application is when
users (e.g. mobile phones, hospitals) want to make predictions (e.g. next-word prediction, treatment
prescriptions), but each has access to very few data samples, hence the need for collaboration.
As highlighted by many recent works (e.g. Hanzely et al. [2020], Mansour et al. [2020]), while
training a global model yields better statistical efficiency on the combined datasets of all agents by
increasing the number of samples linearly in the number of agents, this approach can suffer from a
dramatically poor generalization error on local datasets. A solution to this generalization issue is
the training of personalized models, a midway between a shared model between agents and models
trained locally without any coordination.

An ideal approach would take the best of both worlds: increased statistical efficiency by using
more samples, while keeping local generalization errors low. This raises the fundamental question:
what is the optimal bias/variance tradeoff between personalization and coordination, and how can
it be achieved?

We formulate the personalized federated learning problem as follows, studying it under the
lens of stochastic optimization [Bottou et al., 2018]. Consider N € N* agents denoted by integers
1 < i < N, each desiring to minimize its own local function f; : R* — R, while sharing their
stochastic gradients. Since only a limited number of samples are locally available, we focus on
stochastic gradient descent-like algorithms, where agents each sequentially compute stochastic
gradients g¥ such that E [gf] = Vf;. In order to reduce the sample complexity, i.e. the number
of samples or stochastic gradients required to reach small generalization error, agents thus need
to use stochastic gradients from other agents, that are biased since in general E [gf] # Vf;. We
first consider the all-for-one objective, where a single agent i wants to minimize its local function
(local generalization error), using its own information as well as information from agents j # i. We
then address the all-for-all objective where all agents want to minimize their local function (local
generalization error) in parallel using shared information. Our algorithms are based on a gradient
filtering approach: in both all-for-one and all-for-all objectives, upon reception of stochastic
gradients (gf) j, agent i filters these gradients and aggregates them using some weights A; into

> j )\jg;?, in order to achieve some bias/variance trade-off.

Contributions and outline of the paper. In this paper, we consider oracle models where at
each step kK = 1,2,..., one (or all) agent(s) may draw a sample according to its (their) local
distribution. We aim at computing the number of stochastic gradients sampled from all agents,
required to reach a small generalization error in both all-for-one and all-for-all formulations, in
terms of: biases (distances between functions or distributions), regularity and noise assumptions.
The oracle models, main assumptions and problem formulations are given in Section 2. Our main
contributions are then as follows:



(i) In Section 3 we prove information theoretic lower bounds: to reach a target generalization
error € > 0 for a fixed agent 4, no algorithm can achieve a reduction in the number of oracle calls
by a factor larger than the total number of agents e-close —in a suitable sense— to agent i.

(i) We next study a weighted gradient averaging algorithm for the all-for-one problem, matching
this lower bound.

(iii) We then propose in Section 5 a parallel extension of the simple weighted gradient averaging
algorithm that yields an efficient algorithm for the all-for-all problem. In this algorithm, agents
compute stochastic gradients at their local estimate, and broadcast it to other agents who may use

these to update their own estimates. For 2% = (z¥,...,2%;) where ¥ is the local estimate of agent
1 at iteration k, updates of the all-for-all algorithm write as:
2P = b Wk

where g% = (g¥,...,g%;) for an unbiased stochastic gradient g¥ of function f;, a step size 7, and
a carefully chosen matrix W. Agents i thus use stochastic gradients that are doubly biased, as
gradients of a “wrong function” f; instead of f; computed at a “wrong location” ch instead of x¥.

Related works. Federated Learning is a paradigm in machine learning where training is done
collaboratively among several agents, taking into account privacy constraints [McMahan et al.,
2017, Koneény et al., 2016, Kairouz et al., 2019, Wang et al., 2019]. A central task is the training
of a common model for all agents, for which both centralized approaches orchestrated by a server
and decentralized approaches with no central coordinator [Nedich et al., 2018] have been considered.
The algorithms we propose in this paper are well suited for a decentralized implementation.

As observed in Hanzely et al. [2020], training a common model for all users can lead to poor
generalization on certain tasks such as e.g. next-word prediction. To improve both accuracy and
fairness, personalized models thus need to be learnt for each agent [Li et al., 2020, Mohri et al., 2019,
Yu et al., 2021]. Approaches to personalization include fine-tuning [Cheng et al., 2021, Khodak
et al., 2019], transfer learning techniques [Tripuraneni et al., 2020, Wang et al., 2019]. Hanzely
et al. [2020], Fallah et al. [2020] among others formulate personalization in FL as the training of
local models with a regularization term that enforces collaboration between users. We refer the
interested reader to Kulkarni et al. [2020] for a broader survey of Personalized Federated Learning.

While the goal of personalization is to minimize local generalization errors, the above cited works
do not provide theoretical guarantees over the sample complexity to obtain small local errors, but
instead control errors on a regularized problem, in terms of communication rounds or full gradients
used, and not in terms of samples used. Deng et al. [2020], Mansour et al. [2020] among others
provide generalization errors under a statistical learning framework that depend on VC-dimensions
and on distances between each local data distribution and the mixture of all datasets. Donahue
and Kleinberg [2021a,b] study the bias-variance trade-off between collaboration and personalization
for mean estimation in a game-theoretic framework. Chayti et al. [2021], Grimberg et al. [2021],
Beaussart et al. [2021] frame personalization as a stochastic optimization problem with biased
gradients and are the works closest to ours. They consider the training of a single agent with
biased gradients from another group of agents, i.e. the all-for-one problem and obtain performance
guarantees in terms of distance between individual function f; and the average N=1 " ;fi- In
contrast, we obtain more general performance bounds based on distance bounds between all pairs of
functions f;, f; (or equivalently, pairs of local distributions). In addition, we prove matching lower
bounds. Finally, we also consider the all-for-all problem, for which we obtain efficient algorithms,
and leverage in that setting the use of weaker bias assumptions than in the all-for-one problem.

2. PROBLEM STATEMENT AND ASSUMPTIONS

We now detail our objectives and the necessary technical assumptions. We consider general
stochastic gradient methods and formulate our problems, assumptions and algorithms accordingly.
Our lower bounds apply to a more specific problem, namely generalization error minimization, or
GEM, where functions f; of all agents j are all obtained from the same loss function ¢. These lower
bounds a fortiori apply to the more general stochastic gradient setup of our algorithms.

Stochastic (sub)-gradients. Let f; : RY — R, 1 < i < N be agent i’s local function to be
minimized (e.g. the average of a loss function over its local data distribution). At every iteration
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k=1,2,..., agent i may access unbiased 4.i.d. estimates g¥(x) of V£;(z) (or of some subgradient
s(x) € df;(x), depending on the regularity assumptions made):

E[gf(z)] € 0fi(x), z€R, k>0,1<i<N.

We consider two different objectives. In the all-for-one setting, using information from all agents, a
fixed agent ¢ desires to minimize its own local function f; (typically, in collaborative GEM, f; is
the generalization error f;(x) = Ep,[l(z,&;)]). In the all-for-all setting, all agents want to minimize
their own local function, using shared information.

Oracle models. To specify the information shared between agents via access to stochastic gradients,
we define the following oracles. The synchronous oracle (resp. asynchronous oracle) lets at every
iteration all agents (resp. only one agent) sample a stochastic gradient. After K queries from
the synchronous oracle (resp. asynchronous oracle), each agent will have sampled K (resp. K/N
on average) stochastic gradients for a total of NK (resp. K) in the whole set of agents. In the
all-for-one setting where a fixed agent i desires to minimize its own local function f;, all agents j
can take the same x% = z¥ as argument of their stochastic gradient, resulting in a simple stochastic
gradient descent with biased gradients. The difficulty in analyzing all-for-all algorithms lies in the
fact that stochastic gradients sampled by agent j are doubly biased for agent 4, being potentially

computed at some xf distinct from ¥

i

Synchronous and asynchronous oracles
At iterations k = 1,2, ...:

1: A set of agents S* is chosen: S¥ = {1,..., N} for the synchro-
nous oracle, S* = {i}} where iy is sampled uniformly at
random amongst agents, for the asynchronous oracle. ;

2: For all j € S*, agent j chooses some y;? as a (possibly random)
function of all previous stochastic gradients and iterates,
and samples g;-“ (yf),

3: All agents can then perform an update using these new stochas-
tic gradients and all previous ones.

For fixed target precision € > 0, the objective is to find, using 7. samples from all agents in
total, queried with synchronous or asynchronous oracles, models with local generalization error .
We prove matching lower and upper bounds on the sample complexity T. in the all-for-one and
all-for-all settings.

Regularity, Bias and Noise Assumptions. Throughout the paper, we assume that each func-
tion f; is minimized over R, and we denote by x7 such a minimizer.

Bias assumptions on function discrepancies. For some non-negative weights (b;;)1<i j<n €
R*NXN, (Bijhgi,jgN S ]R*NXN and m > 0, either one of the two following assumptions will be

made. Note that if differentiable, we have E [gF(z)] = V f;(x).

B.1 For all 1 <i,j < N, optimal model x5 for j generalizes (with generalization error b;;) for
agent i:

fi(@}) — fi(x7) < bij - (1)
B.2 Forall 1 <i,j < N and for all z € R%, k > 0:

[ [g:' ()] — E [g7 ()]
Two sets of regularity and noise assumptions. The two different noise and regularity

assumptions we shall consider are as follows.
N.1 For all 1 <i < N, f; is convex and for some B > 0, all k > 1 and = € R?,

E|llgf@)]°] < B2 (3)

N.2 For all 1 < ¢ < N, f; p-strongly convex, L-smooth, and we write k = L For o >0, all

n
k>1and z € R%:

I <. 2)

E[[lg (@) - VAi@)]'] <o (4)
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Our regularity assumptions are standard’; our bias (and gradient dissimilarity) assumptions are
less classical, and can be derived from Wassertstein-like distribution-based distances in the GEM
setting (Section 6 and Appendix A). Assumption (B.2) will be used in the all-for-one setting,
while the less restrictive (B.1) will be used in the all-for-all setting. It quantifies by how much
agents’ objectives differ. To the best of our knowledge it has not been previously used in Federated
Learning. It is related to (B.2) through f;(z}) — fi(x}) < ﬁHsz(x;) — sz(:ﬁ;‘)||2 = ﬁHsz(x;)HZ
under u-PL or strong convexity assumptions. More generally, we always have fz(x;) — fi(z}) <
sz* -} H HV fz(ac;) H Our lower bounds apply to functions that verify both these bias assumptions,
and a fortiori verify the assumptions made in our upper bounds where only one of these bias
assumptions is required.
Finally, our upper bounds will use the following settings, that we refer to as Setting 1 and

Setting 2:

(1) Asynchronous oracle is used, assumption (N.1) holds.

(2) Synchronous oracle is used, assumption (N.2) holds.

A key instance of our problem is collaborative generalization error minimization (GEM):
let D; for 1 < i < N be a probability distribution on a set = (agent 4’s local distribution, not its
empirical distribution), £ : X X Z — R a loss function, and define the following local objective
function, that agent ¢ aims at minimizing:

fz('r) = E&NDi [z('r7€l)] , zekX. (5)

Function f; is thus the generalization error on agent i’s local distribution. Stochastic gradients are
in that case of the form g¥(z) = V /(x,£&F) where ¢F ~ D;. Counting the number of stochastic
gradients used in the whole set of agents to reach a precision ¢ for f; thus reduces to computing
the number of samples required from all agents to obtain local generalization error ¢ for agent .
In Appendix A we discuss how our bias assumptions follow from bounds on distances between
distributions D;, D; together with practical scenarios where such bounds can be obtained.

Notation: in the rest of the paper, variables ¢t or T' denote the number of stochastic gradients
g¥ sampled (or data item sampled from personal distribution) from all agents, while variables k or
K denote the iterates of the algorithms or equivalently to the number of oracle calls made.

3. IT LowER BOUNDS ON THE SAMPLE COMPLEXITY

In this section, we prove lower bounds on the sample complexity of the all-for-one problem. Our
lower bounds apply to collaborative GEM, i.e. functions (f;)1<i<n of the form (5), for some shared
loss function ¢ and user distributions Dy,...,Dy.

An oracle ¢ : RV*? — T is a random function that answers some ¢(z) € Z where Z is an
information set, for every query z € RV>*4, We adapt the definitions of Agarwal et al. [2012]
of sample complexity for SGD to our personalization problem. Formally, the first-order oracle
we defined in Section 2 (for either synchronous or asynchronous oracles) and that we write as
¢((Dz‘)i:1,...,N, E) for shared loss function ¢ and user distributions D, ..., Dy, returns for z € RV *4:

o((Dy)i, €) (z) = (1'7 w4y &iy U4, 65), gf(wi))iesk ;

where & ~ D; and S* is the set of agents returning a stochastic gradient at step k, according to
the synchronous or asynchronous oracle in use. Given distributions and a loss function ((Di)i7 K),
we denote by M the set of all methods M = (My)p>o: for any T > 0, My makes K oracle calls
from oracle qS((Di)i,f) while using T stochastic gradient samples from all agents (T’ = NK with
the synchronous oracle, T = K with the asynchronous oracle), and returns =7 € R? for agent 1.
For a set D of couples of distributions and loss function ((D;);,¢) defining functions (f;)1<i<n, we
are interested in lower-bounding:

inf 725 Ma D; '76 )
MEM (p) e ( (), ))

Un fact our approach could be extended to other regularity assumptions, e.g. functions f; with p = 0 as in
Appendix E.4, non-convex, or satisfying a Polyak-Lojasiewicz inequality; we do not pursue this here for lack of space.
We also generalize (B.2) to function dissimilarities such as those in Karimireddy et al. [2020], in Appendix D, (B.3).
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where T;* (./\/l7 ((D;);, 6)) is the number of samples required from all agents (uniformly divided

between agents) to reach generalization error € > 0 for agent ¢ and writes as:
inf {T € N*such thatE | f;(z]) — mi}(l fl(x)} < 5} .
e

For (b;;) € R*NXN, r >0, B> 0, let D(r,b, B) be the set of all ((Di)lgigN,f) for probability
distributions (D;)1<i<n on a probability space E C RP such that all functions f; parameterized by
the losses and distributions in this set verify ||z}| < r, assumption (N.1), and bias assumptions
(B.1) and (B.2) for b and b;; = (b;/7)2.

Similarly, for o > 0, p, L > 0, let D} (r,b, B) be the set of all ((D;)i<i<n,¥) for probability
distributions (D;)1<i<n on a probability space = C RP such that all functions f; parameterized by
this set verify ||z¥|| < r, assumption (N.2), and bias assumptions (B.1) and (B.2) for b and b = ub
here.

Theorem 1 (IT lower bound). Let ¢ € (0,1/16), and assume that either the synchronous or
asynchronous oracle is used, that (b;;) verifies the triangle inequality b;; < by + bi; for all
1< 4,5,k < N. For some constant C > 0 independent of the problem and any i € {1,...,N}:
22
inf sup 7;5(/\/1, ((Dj)j’e))>02r7B£V’
MEM((D;); ,0)€D(rb, B) e2N7 ()
where NF(b) = Zj Ly, <y 18 the number of agents j verifying b;j < €. Under strong-convexity and
smoothness assumptions for u = L = 1/r?, we have, for some C" > 0:
C'r?02N

e (@) S

(D3);,0€D52175 (1b,0) Ny

The proof of these lower bounds (Appendix B) builds on lower bounds based on Fano’s inequality
[Duchi and Wainwright, 2013] for stochastic gradient descent Agarwal et al. [2012] or for information
limited statistical estimation [Zhang et al., 2013, Duchi and Rogers, 2019], adapted to personalization.

Lower-bound interpretation. Theorem 1 states that, given the knowledge of (b;;) and B?
(or 02, ppand L), there exist difficult instances of the problem that satisfy assumption (N.1) (or (N.2))
and both bias assumptions (B.1) and (B.2) for b, such that the number of samples from all agents
(generated through the synchronous or asynchronous oracle) needed to obtain a generalization error
of e for an agent ¢ is lower-bounded by the right hand sides of the equations in Theorem 1.

Collaboration speedup. The factor N x CB%r?c~2 is reminiscent of stochastic gradient
descent, and is present in Agarwal et al. [2012]: without cooperation, this is the sample complexity
of SGD for a fixed agent (for T samples from all agents, only 7'/N are taken from a given agent
i). Cooperation appears in the factor 1/NF(b/4): the sample complexity is inversely proportional
to the number of agents j that have functions (or distributions) similar to that of ¢. One cannot
hope for better than a linear speedup proportional to agents £/4-close to %, in the sense that the
functions parameterized by the loss function and distributions verify f;(z7) — fi(27) < b;;/4 and
IV fi(x) — V f;(2)]|> < bij for all 2 € R, where b = (b/r)? in the first case, and b = b/r? = pub in
the second.

Bias assumptions and collaborative GEM. In Section 6, we relate |V f; — V f;|| to distribution-
based distances dy (D;, D;) in the GEM setting, where dy, is a 1-Wassertstein-like distance. We prove
that the distributions leading to the functions used to prove Theorem 1 verify dy (D;, D;) < b;;; thus,
the distribution based distances also sharply characterize the sample complexity. The requirement
for the lower bound to apply that (b;;) verifies the triangle inequality is thus quite natural, when
translating bias assumptions into distribution-based distances.

4. WEIGHTED GRADIENT AVERAGING IS OPTIMAL IN THE All-for-one SETTING

We now prove that a weighted gradient averaging (WGA) algorithm is optimal in the all-for-one
setting. Fix the agent ¢ who desires to minimize its local function f; (no longer assumed to derive
from a loss function). The iterates of the weighted gradient averaging algorithm write as, for both



synchronous and asynchronous oracles:
N
1 k k
=a* =) NGH);, (6)
j=1
for some step size n > 0 and stochastic vector A € RV, and:

(7)

X N1z gfk (z) (asynchronous)
G (m P = k
g; () (synchronous oracle) .

In the WGA algorithm, all agents involved keep the same local estimates ¥. As defined in Section 2,
(g¥) are i.i.d. non-biased stochastic (sub)gradients of functions f;. The WGA algorithm thus defined
is more general than previous ones, through the introduction of parameter A. In the GEM setting,
WGA is equivalent to training a model on the mixture of distributions (D;);, with weights (A;);.
We have the following convergence guarantees in terms of sample complexity for the minimization
of a function f; with WGA iterations.

1

Theorem 2. Let ¢ > 0, and set A\j = %, N being defined in Theorem 1. Generate (x*)y
using (6).

2.1 Under Setting 1. Assume that for all k > 0 and 1, — H D for some D >0 and

. . 7 _ 2 _ D2
bias assumption (B.2) holds for b= (b/D)*. For K =T, and forn =, /Wm, we

have E [% D 0<k<K fi(@®) — fi(zF)| < e using a total number T.(i) of stochastic gradients

from all agents of:

4D?B? N

7 ONE@h

2.2 Under Setting 2. Denote k = L/u, assume that one of bias assumptions (B 2) or (B.3)
holds forb = b (and anym > 0). For K = T./N andn = min(1/(2L), - e (Fz’;QK > A9)
where FY = > Aj(f5(2°) = fi(xF)), we have E [f;(x™) — fi(x})] < & using a total number
T.(i) of stochastic gradients from all agents of:

ﬂwg@GiN§>>

The personalization-dependent factor of both these sample complexities (the second factor %)

T.(i) <

matches that of the lower bound in Theorem 1. While in Theorem 2.1 upper and lower bounds (up
to constant factors) exactly match, in the strongly convex and smooth case (Theorem 2.2), the
lower bound is for k = 1, and in that particular case, lower and upper bounds match; we conjecture
that in the more general case, the optimal sample complexity as a linear dependency in y/k. In
terms of gradient filtering, an optimal strategy is thus to filter and keep stochastic gradients sent
by agents that are e-close, in the sense of (B.2). Theorem 4 presents a tuning of the algorithm for
a fixed target precision ¢; using a doubling trick as we do in Appendix E.3 yields time-adaptive
algorithms, that achieve the same sample complexity (up to constant factors) for any £ > 0.

In the GEM setting, the proposed WGA algorithm consists in training a model over the
distribution D5, a mixture of the distributions {D; : dy(D;, D;) < €/2}, where dy, is a distribution-
based distance, leading to an increase in the number of samples available by a factor Nf (thus
reducing the variance), while keeping the bias of order e.

5. All-for-all STRATEGIES

We now focus on the more challenging all-for-all setting: all agents desire to minimize their local
function. We first present a naive approach, that proves to be sample-optimal, but that cannot be
used in practice for large scale problems, as it requires a number computations per oracle call for
each agent that increases with N. We thus introduce and analyze the all-for-all algorithm, the
main algorithmic contribution of our paper.



Naive Approach. Each agent i keeps N shared local models 2%, ..., 2% where a:;“ estimates %
at iteration k (the knowledge of x;“ needs to be shared by all agents). At each iteration k, when a
sample & Jk is obtained at agent j, it is used by that agent to compute unbiased estimates of V fj(xf)
for all ¢ € [N]. These are then broadcast to all agents i that verify b;; < e (target precision). Agents
then perform N weighted gradient averaging algorithms simultaneously, leading to the following
guarantees. Under the assumptions of Theorem 2.1, we have max;¢i<n E [fl(xf) — fl(x;*)] < e,

with a number of data items sampled from personal distribution T of:
T < 4D?B? N
< ——— max ———.
} €2 1<i<n NF(2b)

Under the assumptions of Theorem 2.2, we have maxj¢;<n E [fl(xz) filx )] €, with a number
of data item sampled from personal distribution 7, of:

2
~ [ kO N
T. < — — ] .
<0 (5 s )
Using the all-for-one lower bounds of Theorem 1, this proves to be optimal. Yet, the memory
requirements and computation/communication costs of this approach are forbiddingly high for
large N (they scale with NF for agent i), hence the all-for-all algorithm below, that relaxes the
metric considered by controlling the averaged local errors N ! Yicicn E [fi(zF) — fi(z})] instead

of worst-case ones maxi<;<n E [f;(z¥) — fi(z})]. Furthermore, relaxing the quantity controlled
leads to weaker necessary bias assumptions.

Algorithm 1 All-for-all algorithm

Step size n > 0, matrix W € RV*N

Initialization 2§ = ... = 2%, € R? (20 at agent 4)

for k=0,1,2,... K —1do
Agents j € S* (activated agents) compute stochastic gradients gf(xé“) and broadcast it to all
agents ¢ such that W;; > 0.

5. Fori=1,..., N, update
k+1 k k(. .k
it = ah —nZWijgj(xJ)
jeSk

oW o

6: end for Return =X for agent i

The All-for-all algorithm. We now present the all-for-all algorithm (AFA), an adaptation of
the weighted gradient averaging algorithm to the all-for-all setting, where all agents desire to use all
stochastic gradients computed. For 1 < i < N, initialize 2¥ = 2 € R?. At iteration k, let xf € R?
be agent i’s current estimate of z¥, and denote 2% = (z¥);<;<n € RV*%. For a step size n > 0 and
a symmetric non-negative matrix W € RVY*N iterates of the all-for-all algorithm are generated
with Algorithm 1. In Theorem 3, we control the averaged local generalization error amongst all
agents:

NZL — fiz}), k=0.

Theorem 3 (All-for-all algorithm). Let K >0, n > 0, and W a symmetric non- negative random
matriz of the form W = AAT for some stochastic matriz A = (X ij)i<ij<n- Let (x; M eso0.1<i<n be
generated with Algorithm 1. Assume that bias assumption (B.1) holds for some (b”)

2N |20 —ah |2

3.a Under Setting 1. Using step size n =

A

1 K—-1
E [K > FFI<
k=0
1
+ ¥ > Aijbij s

1<i,j<N

1<i,j<N



3.b Under Setting 2. If n = ﬁ( ln(%) A
ij Nij

_K Lo?
E[FX] < Fle 2 + O RN Z A
1<4,j<N

1
+5 Z Aijbij -

1<4,j<N

A

In 3.a, z* is a minimizer of the function (8). In terms of sample complezity, we have the following.

1
Theorem 4 (All-for-all sample complexity). Let e > 0, and set W = AAT for \;; = %
(1) Under the same assumptions as in Theorem 3.a, we have E [% ,I::_Ol Fk} < € for a total

number T, of data item sampled from personal distribution from all agents of:

422 XL 1
T. < ;
S
where D? bounds all Ha:? — acf\| 2, 1<i<N.

(2) Under the same assumptions as in Theorem 3.b, we have E [FX] < e for a total number
T. of data item sampled from personal distribution from all agents of:

T. < 2max 2‘2%# Nk ln(sleO)
°s e 2 NEE) |

Collaborative speedup. In Setting 1, denoting 7. (i) the sample complexity in the all-for-one
setting (that matched the corresponding lower bound), we observe that in the all-for-all regime,
we obtain 7. < + >, 7-(i). The speedup in comparison with a no-collaboration strategy (all
agents locally performing SGD) is % > m the mean of all all-for-one speed-ups. Similarly in

Setting 2, the speed-up in comparison with the no-collaboration setting is still % ) ﬁ in the

statistical regime. In Setting 2, one could obtain +/k instead of x in the optimization term, using
accelerated gradient methods (with additive noise here), leading to a faster convergence to the
statistical regime (first term of the max in Theorem 4.2), where we have the collaboration speedup.
We present in Appendix E.3 a time-adaptive variant with varying step sizes and matrices, that
share the same sample complexity, and Theorem 8 in Appendix E.4 is the case p = 0.

Assumption (B.1). Importantly, controlling the mean of local generalization errors leads to
a much weaker bias assumption: instead of requiring a uniform control of gradient norms (as is
done in all previous works, and in our all-for-one setting), our all-for-all algorithm only requires
that for some (b;;), we have f;(z7) — fi(]) < bi;: in the GEM setting e.g., even when gradients
of f; and f; may differ a lot, if agent j’s optimal model generalizes well-enough under agent i’s
distribution, they should collaborate. We believe this notion of function proximity that we leverage
in this setting to be the weakest possible.

Intuition behind the algorithm. Perhaps surprisingly, matrix W is in general not a gossip
matrix (i.e. such that W1 = 1): agent 7 does not aggregate a convex combination of stochastic
gradients, but a combination with scalars that do not necessarily sum to 1. In the collaborative
GEM setting, we thus cannot say that the all-for-all algorithm acts as if, in parallel, each agent ¢
trains a model on the mixture of distributions D; with weights W;;. In fact, as the analysis shows
below, agent 7 trains a model on the mixture of distributions, with weights \;;, if A is a stochastic
square root of matrix W (AAT = W). Thus, the all-for-all algorithm is exactly a paralleled version
of weighted gradient averagings, where agent i uses the stochastic vector (\;;)1<j<n. In order to
account for inter-dependencies between agents that do not directly share information, the all-for-all
gradient filtering uses weights W;; to aggregate information, instead of A;;. Propagating information
using a matrix W, that induces a similarity graph Gw on {1,..., N}, such that (ij) € Ew if
W;; > 0, is quite natural [Vanhaesebrouck et al., 2017, Bellet et al., 2018]; yet, ours is the first
analysis to give such precise generalization error bounds, through the use of a stochastic optimization
framework.



Degrees of freedom offered by W. In comparison to Theorem 3, the classical personalized
FL approaches that consider personalized local models of the form x; = T — §;, where Z is some
global quantity shared by all agents, perturbed (and personalized) by some local quantity ¢;
(e.g. averaging between local and a global models), can be seen as the special instances where, for
all i, we have \j; = 1 — a; and \;; = 75 if 7 # j for some o, and leads to bias terms of the form
N 2i N D bij- Full and naive collaboration (a single model trained for all users) corresponds
to \j; = 1/N for all ¢, j, and leads to a bias term of ﬁ E” bij. The degrees of freedom offered by
our matrix W (and by coefficients A;;) enable pairwise agent adaptation, and tighter generalization
guarantees and bias/variance tradeofs.

Proof sketch of convergence guarantees. Since brutally analyzing convergence of the iterates (z*)
generated with 2¥*! = 2¥ — WG* seems impossible due to both gradient biases and model biases
between agents, we study these iterates through the introduction of a different but related problem.
This approach is in fact similar to some decentralized optimization ones, where a dual problem or a
related energy function is often introduced [Scaman et al., 2019, Even et al., 2021], upon which
well-studied algorithms are applied. The related problem we formulate is different from and more
flexible than all the different personalized FL problems in the literature [Hanzely et al., 2020, T. Dinh
et al., 2020], that consider regularization terms that enforce consensus. For A = (\i;)1<ij<n @

stochastic matrix (such that for all 1 < ¢ < N, we have Zjvzl Aij = 1), let 2 be defined as:

M y) =FfAy), yeRYVX, 8)
where f = % >, fi- Gradient descent on A writes as
Y =yt ATV F(AYY)
where Vf(z) = +(Vfi (xi))1<i<1v for any € RVN*4. Importantly, notice that denoting 2* = Ay*
and since W = AA T, we have the recursion
oh Tt = gk — WV f(2F)

making an analysis of the iterates (z*) possible. In our case, we however use stochastic gradients
given by our oracles. The full gradient V f(x) is thus replaced by (G*(z;);); defined at Equation (7).
Defining (y*); with the recursion:

ka =Yk — n((AGk(yk)i)i s

initialized at y9 = 29 = ... = 4% = 2% we have 2% = Ay, for all k > 0, where (z¥) is generated

using Algorithm 1. As a consequence, controlling in Theorem 3 the function values % Do fi(zF) is
equivalent to controlling f*(y*) (these two quantities are equal). The bias-variance trade-off thus
writes as, where 2 minimizes f* and 2* = (2})1<;<n:

FE < A ™) - flah) + A = @)
—_— |
Bias term Optimization and variance terms

6. COLLABORATIVE GEM

In this section, we place ourselves in the GEM setting (loss function ¢, distributions (D;);). We
briefly elaborate (see Appendix A for further details) on the collaborative GEM setting we used
through the paper, clearly define the distribution-based distances related to bias assumptions (B.1)
and (B.3), and introduce toy problems under which the bias upperbounds may be known.

6.1. Distribution-based distances. For H a set of functions from = to R¢ and D,D’ two
probability distributions on =, we define:

dn(D, D) = sup B [2(§) = RN,

where £ ~ D and & ~ D'. dy is a pseudo-distance on the set of probability measures on =. The
definition of dy is motivated by the fact that, for fixed x € X and 1 <4,j < N, we have:

IV fi(x) = V f(@)|| < d3(Di, Dy)
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if (5 EE Vzﬂ(:r,f)) € H where (&;,&;) ~ D; x D;. Thus, if for all 1 < 4,5 < N, dy(D;,D;) < Eij
for some weights lA)ij, bias assumption (B.1) holds for b;; = supy, lzx — xl*HIA)” (and for l;fj/(Zu)
under p-PL assumption), and bias assumption (B.2) holds for b;; = 512]

6.2. Weakly supervised setting. In a scenario where, from a large pool of unlabelled data
(distributions (152)1)7 requiring a label led to a sample from D; but were costly, agents would benefit
from computing distance-based distributions between unlabelled distributions (152)1 (possible thanks
to a large amount of unlabelled samples); these computed distances would then help to reduce the
number of labelled samples required.

6.3. Geometric structure of the agents and infinitely-many-agents. A toy problem is to
assume that agent distributions are drawn in an i.i.d. fashion from a continuous set of possible
distributions ©® C RP: 64,...,05 ~ v where v is a density over the set ©. Making N — oo, we end
up with a continuum of agents of distributions (Dp)gco with density v. In that setting, under a bias
assumption of the form dy (D, Dyr) < ?)(9, 0) < || — 6'||? for all 6,6, the collaboration speedup of
Theorem 4.1 (for instance), writes as:

[ Gstao) = fotai))vian) < c.
with a total number of samples drawn of
T. <O._.o <BQD25_2_’°/’1) ,
under regularity assumptions on v and b. This approach is made more rigorous in Appendix A.4.

6.4. Illustration of our theory. To test the robustness of our algorithms and our theory, we
use in our experiments the mean estimation problem used in the strongly convex and smooth lower
bound of Theorem 1: £(z,{) = 1|z — §||2, x € R? for ¢ a d-dimensional Bernoulli random variable.
We use the time-adaptive version of Algorithm 1, and we place ourselves in the setting of Section A .4,
where agent distributions are drawn from a distribution of distributions: for N = 100 agents, we
draw (p;)i1<ign 4.4.d. uniformly distributed in [0,1], and p; is the parameter of agent i’s Bernoulli
variables. We draw 103 samples for each agent, and we compute for 1 < ¢t < T the averaged local
generalization errors (here the error from the mean), namely % vazl |at — piHQ, where ! is the
output of the algorithm after ¢ samples drawn. As expected and as illustrated in Figure 1(a), our
all-for-all approach benefits from both no-collaboration (each agent locally estimating its mean
p; with only its locally available samples, in orange in the graph) and single-model approaches (a
fully centralized minimization of % >, fi(x), in green in the graph), through both a convergence
to the true mean, and a non-asymptotic acceleration. In Figure 1(b), we study the effect of noise
on the estimation of bias parameters b;; (that here correspond to b;; = %(pZ - pj)2), by taking
as inputs in algorithms b?;)isy = 1(pi +ni — pj — n;)?, where n; are i.i.d. uniformly distributed in
[—noise, noise|, for different noise values (Figure 1(b)). All-for-all algorithm appears to be quite
robust to noise: for small noise amplitudes (0.02 and 0.08, and even 0.18), performances are not too
degraded. For (abusively) large noise values (0.32 and 0.5), the non-asymptotic speedup is kept,

0.0030 0.0010
— Alforall All-for-all
0.0025 No collaboration 0.0008 No collaboration
i — R
g Single model SGD Single model SGD
5 noozo )
5 0.0006 noise=0.02
= 00015 noise=0.08
w .
o =
£ 00010 0.0004 no?se 0.18
E noise=0.32
0.0005 ise=
00002 noise=0.5
00000
0 2000 4000 5000 8000 10000 0.0000 : : T
t = total number of samples drawn 6000 B0OO 10000

(a) Comparison of All-for-all with naive benchmarks (b) Effect of noise in the estimation of bias parameters
FiGure 1. All-for-all algorithm in practice
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with degraded asymptotic performances. Still, in the range of parameters considered, these perform
better than no-collaboration and single model approaches.

DI1SCUSSION AND CONCLUSION.

In this paper, we quantified in term of function biases (b;;), stochastic gradient noise or amplitudes
(02 or B?), target precision ¢ > 0 and functions regularity parameters, the benefit of collaboration
between agents for shared minimization using stochastic gradient algorithms. Our lower bound
(Theorem 1) states that in the all-for-one setting, assumption parameters being fixed, no algorithm
matches the performances of weighted gradient averagings in terms of sample optimality. Another
lower bound (and corresponding upper-bounds) that would be worth investigating is: without any
knowledge on biases b;;, what is the worst case complexity of an algorithm that would thus need
to learn who to learn with? We extended weighted gradient averagings to the all-for-all setting,
technically more challenging, through the introduction of a related problem, simplifying the analysis
of such algorithms.

The main limitation of our work lies in the assumption that upper-bounds on the biases b;; are
known. We investigate in Section A scenarii in which this assumption is valid. Yet, as mentionned
above, learning who to learn with and how is a challenging question worth tackling. Extending our
work to model agnosticism together with data heterogeneity would require bias assumptions such as
our distribution-based ones in Section A. Finally, fairness issues might be raised by our approaches
in the all-for-all setting: we consider the average errors amongst agents and therefore do not ensure
bounds on the supremum of all local errors. Still, incentives to collaborate and send gradients to
other users are the hope of being helped back (matrix W is symmetric in Algorithm 1).
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APPENDIX A. THE CASE OF COLLABORATIVE GENERALIZATION ERROR
MINIMIZATION (GEM)

In most of the related works and in this paper, the quantities equivalent to our bias assumptions
are assumed to be known by the optimizer. Yet, while this assumption makes analyses possible, the
knowledge of these quantities is a strong assumption. In this section, we provide settings and toy
problems under which these assumptions are natural. We first begin by introducing distribution
based distances between agents, in order to control gradient biases in the setting where functions
are of the form (5) for a shared loss ¢ and local distributions (D;);, for collaborative GEM. We then
present two settings for this problem.

A.1. Distribution-based distances. In order to quantify the bias/variance tradeoff that appears
when using stochastic gradients computed by other agents, we define the following notion of distance.

Definition 1. For H a set of functions from Z to R and D, D’ two probability distributions on =,
we define:

dyn (D, D) = sup [ [1(€) — AN,

where £ ~ D and &' ~D'. dy is a pseudo-distance on the set of probability measures on Z.

Some instances of these distances encompass:

(1) For H = Hafrine the set of 1-Lipschitz affine functions, we have dy (D, D) = |E[¢] — E[¢']].

(2) For H = HLipschitz the set of 1-Lipschitz functions on =, we have dy (D, D’) = W1 (D, D’)
the 1-Wasserstein distance (or EMD, earth mover distance).

(3) For H = Hpounded the set of of functions whose values lie in a space of diameter 1, we have
dy (D, D) = dvv(D,D’) the total variation distance.

(4) For H = Hioc.Boundea defined as {h E—- R st VEEE, Diam(h(l’)’(f7 nnN E)) < 1},
we also obtain the total variation distance.

The definition of dy is motivated by the fact that, for fixed x € X and 1 < 4,5 < N, we have:

IV fi(x) =V fi(@)| = |E [Val(z, &) — Vaul(z, &)
< dy(Dy, Dj) .

if (€2 Vul(z,8)) € H where (§,&;) ~D; x D;.

We thus add a fourth bias assumptions to our list in Section 2, called distribution-based bias
assumption: for some function set H, for all 1 <14,j < N, for all z € R?, dy(D;, D;) < l;ij for some
non negative weights b, and for all z € R, (f € =Z2 Vl(x, 5)) € H. This assumptions is verified
in the following settings for mean estimation and regression.

(1) For {(z,£) = 3(z — £)? (mean estimation), distribution-based bias assumption holds for
H afiine, and the distance to consider is thus ||E[¢;] — E[¢;]]]-

(2) For quadratic loss (linear regression) {(z,£) = 3(a'x — b)? where { = (aa',ba"), we have
H = DHaghine, where D is the diameter of the space in which are iterates lie, and the
distance to consider is thus a scaled 1-Wassertein distance between distributions

(3) For logisic regression £(x, &) = log(1 +e’b“Tz) where £ = ba ", we have % = (14 1) HLipschit
and the distance to consider is thus the 1-Wassertein distance between distributions (scaled
with a constant factor).

(4) For the hinge loss (z,¢) = max(0,1 — ba ' z), for £ = ba" we have H = DHBoundea Where
D is the diameter of the space in which are iterates lie, and the distance to consider between
distributions is thus a scaled total variation distance.

Thus, instead of controlling uniform concentration bounds on the gradients (under the GEM
assumption, this can be done using anisotropic uniform concentration bounds, e.g. Even and
Massoulie [2021]), one can leverage our bias assumptions by controlling distribution-based distances.

Proposition 1. If for all 1 <i,j < N, dy(D;,D;) < I;ij (i.e. distribution-based bias assumption
holds), then:

(1) Bias assumption (B.1) holds for b;; = D*l;ij;

(2) Bias assumption (B.2) holds for b;; = Ef]
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A.2. Lower-bounds (Theorem 1) in term of distribution based distances. Theorem 1
being formulated as IT-lower bounds for collaborative GEM, the distribution-based distances we
introduced perfectly adapt to it. In fact, in the proof of the lower bounds, the distributions we
build verify dy(D;, D;) < bij it H C Hioc. Bounded, S0 that the following directly holds.

Theorem 5. Let € € (0,1/16). Assume that the function set H satisfies:
Hathine CH C HLoc.Boundeda

and assume that either the synchronous or asynchronous oracle is used. Assume that (b;;) verifies
the triangle inequality b;; < by, + byj for all 1 < 4,7,k < N. Let D(r,b, B) be the set D(r,b, B), but
where the bias assumptions are replaced by the distribution-based bias assumption (dy(D;, D;) < byj),

~ 7T _ 2
and similarly for Dﬁ;ll //:2

and any i € {1,...,N}:

(r,b,0). We have, for some constant C > 0 independent of the problem

CB2r2N
inf sup 7;8(/\/1, ((Dﬂpﬁ))}%,
MEM((D,), 0)ebB(r,b,B) e2NF (7)

where Nf(b) = Zj L, <y 18 the number of agents j verifying b;; < €. Under strong-convexity and

smoothness assumptions for u = L = 1/r2, this bound becomes, for some constant C' > 0:

C/ 2 2N
Ai/lnfM sup TE (Ma ((Dj)jv€)> > % :
€ ((Dj)j,é)e]fpijll;:j(r,b,a') eN7 ()

A.3. Weak supervision. We explicit in this section another paradigm in which the knowledge of
some distribution-based bias assumptions is realistic, in a weakly supervised learning setting. More
precisely, assume that the desired task is a classification or regression one: random variables & are
of the form & = (¢, 3) for some ¢ € Z C RPt and some label 3 € RP2. For every agent 1 <i < N,
let Df be the (-marginal of D;. In our weakly supervised learning setting, we assume that there
exists some (eventually random) function £ that maps unlabelled data ¢ to their labelled ones
i.e. for some L : Z — =, the random variable £(¢;) is of same law as & ~ D; for (; ~ Df. While
many samples may be accessible and drawn from Df for every agent 1 < i < N, labelling data
i.e. applying function £ in order to recover samples of law D; is assumed to be costly. For instance,
applying £ in medical data analysis could require the help form an expert (a radiologist, ... ).

Agents would benefit from computing distances between distributions D; using marginals Df :
under mild assumptions on the function £ (Lipschitzness with high probability, mainly), distances
dy(D;, Dj) are upperbounded by distances between Df and DJC-. Thus, in this setting, agents would
benefit from collaborating: computing distribution-based distances would not require expert advices,
while reducing the total number of expert calls required by reducing the number of samples needed
to be drawn from each D; through collaboration.

A.4. Infinitely-Many-Agents Limit and Geometrical Prior Knowledge. We introduce the
infinitely-many-agents limit, by taking N — oo with added structure on the problem below. This
toy-problem illustrates a geometric structure under which the knowledge of distribution-based bias
assumptions is realistic. Let P be a set of probability laws and ©® C RP be a set parameterizing P
in the sense that P can be written as {Dy, § € ©} where Dy, § € O are probability laws on =. For
all 1 < ¢ < N, we assume that there exists 61,...,0n € © such that D; = Dy,, and that the agents
are drawn from a probability distribution with density v on ©: (6;); is a sequence of i.i.d. vectors
sampled from © with density v.

This aims at modelling a geometric structure on the agents distributions: agents ¢ and j such that
0; and 6; are nearby in the set © share similar distributions. We quantify this in the following way:
there exists a continuous function b : ©2 — R* such that for any (0,6’) € ©2, dy(0,0) < b(0,6'). In
sensor networks, © is some domain of R? of R3, each agent is a sensor located at a physical position
in ©, whose goal is to predict based on noisy local observations (e.g. temperature, pollution, ...)
that are space-continuous. More generally, if agents model a population (agent ¢ being an individual
in the population) in some geographical location © C S, (sphere in R?) (ranging from cities,
countries, continents, or the whole wide world), and if we are interested in speech-recognition
models, a fair assumption is to have similar local distributions for nearby agents. The distribution
v is then the geographical density of agents.
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The infinitely-many-agents limit is obtained by taking N — oo with our geometric structure on
the agents: we obtain a continuum of agents parameterized by 6 € O, with density v on ©. For
every 0 € O, we write:

fo(x) =Eeup, [0(2,€)], zeX,

and we denote by zj; a minimizer over X of fy. The algorithm and model we consider are defined
as follows, inspired by Oracle 2.

Infinitely-many-agents oracle and algorithm

At each time-step t = 1,2, ...

1: An agent parameterized by 6; ~ v is ‘awakened’,
draws & is drawn from data distribution
Dy, and computes a stochastic gradient g; =
Vm‘g(ytu gét ) .

2: Agents 0 € O such that w(d,0;) < s. for some
fixed s. receive g;.

3: Upon reception of g;, agents may update their
local estimates.

At finite time-horizon T' > 0, only a finite number of agents may have ‘awakened’ and drawn (at
most) one sample from their local distribution; yet, we aim at obtaining upper-bounds on the
local generalization errors for all agents. Applying our AFO and AFA algorithms, under aditional
assumptions, yields the following bounds.

Proposition 2. Assume that v is continuous on ©, and that for all 6,0" € ©, we have b(6,6") <
|60 —0'||7. Assume that assumption N.1 holds and that iterates lie in a space of diameter D.

(1) All-for-one: let ¢ > 0 and § € int A. There exists a procedure such that T () the time
needed to reach a precision € for agent 6 is upper-bounded by:

T:(0) < Oc0 (BQDQV(H)E*%p/q) .

(2) All-for-all: for any e > 0, there exists a procedure making T, oracle calls and answering
(z9)p € X© such that:

/@ (folws) — folap))w(d6) <<,

with
T. < 0.0 (BQDQE‘Q_”/‘I) .
Proof. For finite number of agents IV, we have 61,...,0y drawn i.i.d. from v. Using weighted
gradient averagings and Theorem 2.1, we have for agent i, and denoting 6 = 6;:

€
=(2
T.(0) < 2B2D25_2M .

N
Here, NF(2b) < {1 <j < N : (|0 —0;]| < (e/2)V} = Z;_Vzl 11{”9_%”«6/2)%}. Using the strong
law of large number, we have almost surely, as N — oo:

£(2b
NE(2b) < / v(z)dz+o(1).

N B(0,(/2)1/9)

Thus, for N — oo:

T.(0) < QBQDQ/ v(z)dz.
B(6,(c/2)1/9)
Then, making ¢ — 0, we have fB(O,(a/Q)l/q) v(z)dz ~e_o v(0)VOl(B(0, (£/2)1/7)) = O (v(0)e /1)
(v is continuous). We thus have the result for 6 such that v(6) > 0 in the all-for-one setting.

In the all-for-all setting, we use Theorem 4.1 in for a finite number of agents, and we similarly
use the strong law of large numbers as N — oco. O
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APPENDIX B. PROOF OF LOWER-BOUNDS (THEOREM 1 AND COROLLARY 1)

B.1. General framework to prove lower bounds. The idea is that, when optimizing a function
f(z) = E[¢(z,£)] and finding a good approximation of a minimizer z*, we learn some information
on the distribution D over which samples are drawn. In order to prove lower bounds, we construct
a loss function ¢, and distributions D¢, ..., D%, where « is a random parameter. We argue that
minimizing (in the all-for-all or all-for-one settings) the objective function up to a certain precision
gives a good estimator (quantified) of the random seeds a.. Then, using Fano inequality, we bound
the efficiency of such an estimator in terms of number of oracle calls, obtaining a lower bound on
the sample complexity. This approach is inspired by Agarwal et al. [2012], who prove IT-lower
bounds for stochastic gradient descent. We adapt their proof technique to the personalized and
multi-agent setting.

Constructing difficult loss functions. For any two functions f, g : R¢ — R, we define the discrepancy
measure p(f,g) as:

plf.9) = nf {F@)+g(x) - f(z}) - 9(a})}

which is a pseudo metrics. Now, for a finite set V of parameters, let G(6) = {g5, a € V} be a set
of functions indexed by V, that depend on ¢ (fixed in the set). The dependency of each g, € G()
is left implicit in the following subsections. We define:
6)= inf ,q) .
¥(9) oot p(f.9)
Minimizing is Bernoulli parameters identification. The two following lemmas justify that optimizing
a function g, € G(4) to a precision of order v(J) is more difficult than estimating the parameter a.

Lemma 1 (Agarwal et al. [2012]). For any x € R?, there can be at most one function g, in G(J)
such that:
$(9)

o(r) —inf go < —=.
ga(z) —infg 3

Lemma 2 (Agarwal et al. [2012]). Assume that for some fized but unknown o € V there exists a
method M based on the data ¢ = {X1,..., X7} that returns 7 (function of ¢) satisfying an error

of:
¥
9 b
where the mean is taken over the randomness of both the oracle ®, the method Mr and o € V if
random. Then, there exists a hypothesis test & : ¢ — V such that:

1
P,(a <=,
maPy (67 0) < 3
Suppose now that the parameter « in the previous Lemma is chosen uniformly at random in V.
Let & : ¢ — V be a hypothesis test estimating «. By Fano inequality [Cover and Thomas, 2005],

we have:

E |ga(2z7) — min g, <
go(w™) — min g, (z)

_I(¢,a) +1n(2)
o (9)

where 1 ((b, a) is the mutual information between ¢ and «, that we need to upper-bound. Combining
Fano inequality with Lemmas 1 and 2, fixing a target error ¢ = 1(9), we obtain a lower bound on
the sample complexity T:

P(d#a)}l

1 I(ng ,a) + 1n(2)

5 = Pgla >1- < ,

3 2Ps(a#0) v

where ¢, is the information contained in 7T, oracle calls. If we have an equality of the form
I(¢r.,0) = TeI (1, ), this gives:

3V -1n(2)

I(¢1, )
Playing with the different parameters d, o, V gives lower bounds in our all-for-one settings. We
refer the interested reader to Chapter 2 in Cover and Thomas [2005] for Fano inequality and mutual
information.

T, > (10)
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B.2. Applying this in the all-for-one setting, first part of Theorem 1. We first prove
the lower bounds in the case of the asynchronous oracle (one data item sampled from personal
distribution at each iteration).

We define the loss £ : R? x Z where Z C R% and 6 > 0:

1
V(e,€) € X x Z, g;[w (=) () = b

where
fH@) =lzi+1/2] f7 (@) = | —1/2].
Now, for any a € {—1,1}%, § € [0,1/2] being fixed, we define:

&.M—‘

d
Z{ +aid) fi () + (*—azé)f () - 5%]- (11)

For simplicity, assume that 72 = d and B? = 1. Let § > 0 a free parameter. Let V =
{at,...,af} C {~1,1}9 be a subset of the hypercube such that for all k # I,

d

1

§Z;|a?—a§|>z
i

i.e. V is a d/4-packing of the hypercube. We assume that —1 (d-dimensional vector with —1 at
all its entries) is not in V and that for all « € V, & Zgzl la; 4+ 1] > 4. We know that we can set
V| > (2/+/e€)¥?. Without loss of generality, we prove a lower bound in the case where the agent
that desires to minimize its local function is indexed by 1. For any i = 1,..., N, let D; be the
probability distribution on {0,1}¢ of the following random variable:

1
Ber(§ + 5iak)e;€ where §; = (§ —b;1)™"
where sT = max(0, s) for s € R, k is taken uniformly at random in {1,...,d}, (e;) is the canonical

basis of R?, and Ber(p) is a Bernoulli random variable, independent of k.
The function fi(z) = E[l(x,&)] for & ~ Dy verifies fi = g4 for g, defined in (11). For our
fixed § > 0 and any «, 8 € V, g, is minimized at ¢ = —«/2 and we have:

1—(5ak

Ja(z%) =

The discrepancies thus write as:

Q.\Oq

d

p(9ar98) = = > ek — Brl,
k=1
so that ¥(8) > §/4. Each g, is minimized for 2% = —a/2 € B, (0,1/2) € B(0,v/d/2) C B(z°,r)
for 0 = 0 (where B, denotes a ball for the infinity norm): we are in the case 7 = /d.

We now bound the quantities f;(z}) — fi(z}). For any i = 1,..., N, we have v} = 2% = —a/2
if 0; > /2, and =} = 1/2 otherwise. For 1 < i,5 < N, if both 61 > 6/2 and 9§, 2 0/2, then
z; =5 = 2% and f;(z}) — fi(x7) = 0. Similarly, if both ¢; < /2 and §; < §/2, 2} = 2 = 1/2

J
and fi(z7) — fi(xf) =0. If 6; > 0/2 and J; < 0/2, then

fi(@}) = fi(@7) = f:(1/2) — fi(z®)
Ly~ fo =1 25, — &

<2 6 —6
< 2(6; — 6 ).

Since §; — ¢; < b;;/2 using 1-Lipschitzness of the positive value and the triangle inequality verified
by the vector b, we have f;(z}) — fi(z}) < bi;. If §; < §/2 and &; > 6/2, we similarly have

fila) = fila) < L300y 16— 26;) < by
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Since the functions f; are differentiable at all points where x3, # 1/2, —1/2, bounding ||V f;(z) — V f;(x) 12
at the points where f; and f; are differentiable is enough to have (B.2). For z; < —1/2, we have
Vifi(x) =Vifj(z) =—1—06 and Vi fi(z) = Vi fj(z) =1 —6 for z, > 1/2. For —1/2 <z, < 1/2,
we have kaz(l‘) — ka](l‘) — 2(6z — 5]‘)Oék, so that HVfZ(l‘) - Vf](x)||2 < 4(51 — 5]')2 < b?]/d at all
points where f; and f; are differentiable. The gradients scale with r, hence the dependency in r
(we recall that 2 = d in our case).

The mutual information I(¢r, a) writes as:

I(¢7r, ) =TI(¢1,a)

d N

T 1
= d7N Z Z I (Ber(2 + ]lb“@akéi),ak>

k=11i=1

N
T )
< N Zz_; Ilb1ri<56i

_ GiTAN? ()
N N
for some numerical constant C' > 0 independent of the problem. Using Equation (10) then leads to,

for e = (9):

62

AN
2 NE(4b)

where C' > 0 is a numerical constant independent of the problem.

T.>C (12)

Equation (12) is obtained for the choice of loss function and distributions defined above, and
the functions defined are in D(r, b, B) for r = Vd, the fixed weights b, and B? = 1. Assumption

B (0,1/2) C B(0, \f/2) C X is in Theorem 1 the assumption that Hm — 1z} H r. In order to
obtain a dependency in r > 0, one simply has to consider the loss (x,&) — f( x,€). In order to
obtain the dependency in B2, we need to modify the distribution, and take D’ Ber(1/B?)B?D;.
In this case, we have a noise amplitude of order B? instead of order 1, and a factor 1/B? appears
in the mutual information.

The proof naturally extends to Oracle 1: the mutual information is just N times bigger in that
case.

In terms of function distances dy; under the assumptions on H of Theorem 5, we have, since the
distributions are Bernoulli:

d3¢(Ds, D;j) < 16 — 65| < bij-
We thus proved the first part of Theorem 1.

B.3. Proof of the strongly convex and smooth lower bound: second part of Theorem 1.
Let

1
.6) = 1w - g
for z,& € R? and, for fixed § > 0 and any o € {—1,1}%:

d
1 1
Jol(x) = % E (xi +1-— 2(5 —l—aké)xk) ,x e X.
k=1

We keep the same notations as last subsection (1(6), p). We have:

2 d
P(9as 98) EZIak—Bk\.
k=

Similarly to last subsection, this leads to (&) > 6%/4 since V is a d/4-packing of the hypercube.
We keep the same distributions Dy, ..., Dy as last subsection, replacing §; by &; = (§ — v/b1;) ™.
Agent 1 is still the one that wants to minimize its local generalization error. The mutual information

is thus:
C1TN? (Vb)

2
N 0“.

I(¢T§ a) g
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Setting the target precision as e = §2/4, we obtain:
dN
>0 —.
eNE (4b)
The loss function and distributions built verify our regularity assumptions for u = 1/d, L = 1/d,
noise o2 < 1.
We verify that for all 1 < j,k < N, we have f;(z}) — fj(z}) < bx;. We first notice that

* _ 1(1 . .
Ty = d(2 +5]ozl)1<l<d, so that:

I

fi(et) — fy(a3) = =l — o

= (6; — 0k)?

< (Vb1 — Vbix)?
< |b1j — big]

< b]k7

since the weights b verify the triangle inequality. Under the assumptions of Theorem 5 on H, we
have, in terms of distribution-based distances:

dy(Di,Dj) < ‘51 — (5]| < \/bij .

The minimum of each g, is attained at z® = %Jr da, we thus need to assume as in last subsection

that  is of order v/d, and a rescaling leads to the dependency in 7. The dependency in o2 is

obtained as in last subsection.
APPENDIX C. All-for-all LOWER BOUND
Theorem 1 immediately yields a Corollary providing lower bounds for the all-to-all problem:

Corollary 1. Let € > 0, b verifying the triangle inequality, B > 0,7 > 0. Assume that there exists
a method M and some T > 0 such that, for all ((D;);,¢) € D(r,b,B), M returns (z1,...,ZN)

verifying:
NZL% filal) <
where T is the number of stochastic gmdzents sampled from all agents. Then we have:

cr?B? X 1
N2g2 N’E(LN) :

T>
Replacing D(r, b, B) by pL=vr (r,b,0), we have:

p=1/r?
C'r20? iv: 1
el b
Ne i=1 '/V; (m)

APPENDIX D. All-for-one UPPER-BOUNDS

We provide the following relaxation of bias assumption B.2, a generalization of classical function
dissimilarities assumptions Karimireddy et al. [2020], Chayti et al. [2021] to our setting.

B.3 For all 1 <i < N, for any stochastic vector A € RY (non-negative entries that sum to 1),
and for all x € Rd, where g)(z) = ijl AV fi(z):

IV fi(x) = ga(@)[I* < mlga(w)|” + Z/\ bij - (13)

In a similar setting (N agents with heterogeneous functions), Karlmlreddy et al. [2020], Deng et al.
[2020], Chayti et al. [2021] assume that for a fixed agent ( f H2
m||V f(z || +¢? (or similar assumptions) where f is the mean of all functlons (B. 2) is the snnplest

relaxation of this to the more general setting where all agents want to minimize their local function,
while (B.3) is a relaxation that keeps the less-restrictive first term for some m > 0.
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We prove the following intermediate result.

Theorem 6 (WGA). Let (2¥)r>0 be generated with (6), for some fized stochastic vector A € RY,

stepsize n > 0. Let 1 <i < N fized. Let b € RN Denote FF = fi(a®) — fi(z?).
6.a Use the asynchmnous oracle. Assume that for all k > 0 and 1, ||as -] || D for
some D > 0. If f; is convex, noise assumption (N.1) holds for some B > 0 and bias

assumption (B.2) holds for b= (b/D)?, for any K > 0 and for n = W'

j=1"7]

2 N
2D Z Z Ajbij -

1<GEN

AR

0<k<K

6.b Use the synchronous oracle. Assume that oll f; are p-strongly convexr and L-smooth
(denote k = L/u), satisfy noise assumption N.2 for some o > 0, that one of bias as-
sumptions (B. 2) or (B. 3) holds for b = ub (and any m > 0). For any K > 0 and

n =min(1/(2L), ;% (FE‘QQK 325 A9) where FY =37 X;(f(2°) — f(x%)), we have:
E[Ff] <2(m+ 1) | Fe 2 + O Z X+ DD Ay
1<]§N 1SN

This leads to a more general sample complexity in Setting 2, where we can use (B.3).

Theorem 7. Let € > 0, and set \j; = W NE being defined in Theorem 1. Generate (x*);,

using, {6 nder Setting 1. Assume that for all k > 0 and i, ||x — || D for some D > 0 and
bias assumption (B.2) holds for b= (b/D)2. For K = T. and for n = /WQZNVJ

we have E | & D 0<k<K fi(@®) — fi(z2)| < € using a total number T, of stochastic gradients

from all agents of:

T o< 4D?B? N
ST Ny
7.2 Under Setting 2. Denote k = L/, assume that one of bias assumptions (B 2) or (B.3)
holds forb = pub (and anym >0). For K = T./N andn = min(1/(2L), % (F*L’SQK > A2))

where FY = > Aj(f5(@°) = fi(x%)), we have E [fi(z®) = fi(a})] <e usmg a total number
T. of stochastic gradients from all agents of:

(m+1)k%20% N
<0 < pe /\GE(%))

~ (ko? N
<0 ( PE Nf(%)) /
if m<1/2.

In Theorem 6.b upper-bound, the first term is the optimization term, and vanishes exponentially
quickly in front of the second and third ones (if they are non null), and is not reminiscent of our
personalized problem. The second is the noise term (referred to as the statistical term), while the
third is a bias term, making appear as advertised in the introduction a bias-variance trade-off. In
Theorem 6.a, only the statistical and the bias terms are present. In both cases, a right choice of A;;
matches the lower bound of Theorem 1 in terms of sample complexity, for € > 0 small enough such
that the optimization term vanishes in front of the statistical one. In Theorem 6.a, D plays the
role of r in the lower bound (and can be more restrictive). Parameters y, L in Theorem 6.b can
take any value, while they are fixed in our lower bounds (with k = 1).

For the two proofs below, we write

and of

x) = Z \;GF(2)
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D.1. Proof of Theorem 6.a. Assume first that the f; are differentiable. Observe first that under
noise assumption (N.1) and with the asynchronous oracle:

N
E[ldh@)]’] < NAB2, wer’,

We now proceed following classical SGD analysis, but with biased gradients here. Denote ef =
E [Hmk — a:z*‘ﬂ We have:

et = et ZA Vi), et —ah) | + P [[laX]| ()]
N N
< el = ME[(V(@").a" — )] + 2B [(VF(@*) = D NV (), a* —ab) | +0’ Y NNB?,
i=1 =1

where the bold term is the bias term, that we bound by DZ )\-\/~-- = Zj A;bi; using bias

assumption (2) and b;; = (b;j/D)?. Then, since —2nE [(Vf(z*),zF — )] < —2nEFF, we have,
summing the above inequality for 1 < k < K:

ZFk s KZNBQZA2+KZA bij .

j=1 Jj=1

We obtain the desired result by dividing by K and for the choice of  as in Theorem 3.a. In the
case where we have access to subdifferentials only, the proof stays identical (as in Lemma 6).

D.2. Proof of Theorem 6.b. Denoting f*(z) = Zjvzl A;f;(z), observe that f* is p-strongly
convex and L-smooth, and for all z € R?, under the synchronous oracle and noise assumption (N.2):

E [g5(z)] = V),

N
E {Hgl)f(x) — Vf)‘(x)HQ} <o? ZA?
j=1

(14)

Applying Lemma 4 (SGD under strong convexity and smoothness assumptions), we have, where z*

minimizes f*:
Xk A A o~k 5[ Lo” 2
fAa) = fH@7) S FXem + O | o >N
1<GEN

Then, under either bias assumption (B.2) or (B.3), we have:
[V <2VaEh) - VA +2| 976N

2(m||V £ (2" |+Z)\”bw )+ 2|V )||

j=1

N
< 22)\1‘3‘51‘]‘ +4L(m + 1)(fA (") — A=)

We conclude using f;(z*) — filzy) < HVfZ H and b” = pbij.

This result is valid under any m 2 () and gives the first part of Theorem 7.2. If m < 1/2, one
can use Theorem 1 in Chayti et al. [2021] with the set of agents j such that b;; < ¢, agent 0 is agent
i, with o = 1/NEF(2b), to obtain the sample complexity without the x factor.
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APPENDIX E. All-for-all UPPER-BOUNDS
We first begin with the following simple lemma.

Lemma 3. If A is a stochastic matriz and if bias assumption (B.1) holds (fi(x%) — fi(z}) < bij
forall1<i,j < N):

fA(xA)—f(x*)<% D> Aijbij -

1<i,j<N
Proof. Writing the optimality of =™ gives:
) < A )

jv§: E:wa
1 Z Aij fi(z]),

1<4,j<N

<

where we used convexity of each f;. Then, subtracting f(z*) and using stochasticity of A:
£k 1 * *
fHaM) = fa) < N > Aglfi@)) = fula)).
1<, j<N
|

E.1. Proof of Theorem 3.a. Using Lemma 3 and the proof sketch (f*(y*) = f(2*) and the
bias variance decomposition):

Fah) = F@) < AN - AN+ 50 D0 Aibi
1<z,]<N
where (y*) is generated using simple SGD on f*:
Y =y —VGR (YY),
where
GA(Y) = (Niigi, (AY")i)) < jen-

fA is convex, and we have under noise assumption (N.1) for the asynchronous oracle, under
differentiable assumptions:

E [GX(y)] = VfA( >
e[lciol] < 3 2

If we only have subdifferentials, we still have E [G’f\(y)] € 9fM(y). Using Lemma 6 (SGD under
these assumptions), we obtain the desired result.

E.2. Proof of Theorem 3.b. Under noise assumption (N.2) and for the synchronous oracle, we
stil have:

Y =yt Ve,
for

- }V(izzlxijgﬂ(Ayk)i)))mN ,

that verifies:
E[Gi(y)] =V (y),
Ellckw) -vrwl <3 X A
1<z,]§N

The function fA is however not necessarily strongly convex. However, since V24 (y) = ATV2f(Ay)A
and f is L/N-smooth and u/N-strongly convex, f* is L/N-relatively smooth and j/N-relatively
strongly convex [Bauschke et al., 2017] with respect to %Hy”%v = y'Wy. Note also that the
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spectral radius of W is 1, since A is stochastic. Instead of using stochastic Bregman gradient descent
(e.g. Dragomir et al. [2021]), we use Lemma 4: classical SGD that naturally generalizes to relative
smoothness and strong convexity assumptions, when the mirror map is quadratic.

Algorithm 2 All-for-all algorithm: Time-adaptive variant

Stepsizes (n1,)x>0, matrixes (W F)); 5,
Initialization 2§ = ... = 2%, € R?

for k=0,1,2,... do
Agents j € S’~C (activated agents) compute stochastic gradients 9; k(zh ) and broadcast it to all
agents ¢ such that Wi(f) > 0.

5. Fort=1,..., N, update

l’f+1 — 0 Z W(k)
jeSk

6: end for

E.3. Time-adaptive variant.

Proposition 3 (Time-adaptive all-for-all). Assume that the same assumptions as in Theorem 3.a

hold. For any e > 0, denote A, = (ij?(;; , K. = 4D;BQ PR N?1(2b) and n(e) = #{M.

For any k > 0, there exists pr, > 0 such that Zf;:gl To-e <k < ngzo Ty-q, and choose:

me=n(27"), W = Ay A]

2= Pk -

Then, for any € > 0, the iterates generated by Algorithm 2 reach averaged precision € for a number
of data item sampled from personal distribution of:

16D2 B2 i 1
£

<
s7o L)

i=1

Similarly, under strong-convexity and smoothness assumptions as in Theorem 3.b, one would
obtain the corresponding sample complexity, up to a factor 2.

E.4. Setting 2 under p = 0.

Theorem 8 (All-for-all, convex case). Let K >0, n > 0, and W a symmetric non-negative random
matriz of the form W = AAT for some stochastic matriz A = (Nij)igijen- Let (z k)k>0 1<i<nN be
generated with Algorithm 1. Assume that bias assumption (B.1) holds for some (b;;). Under Setting

N*2D N AH

2, for u =0 (convex case), if n = /s e where Hx -z D for all i, we have:

2LD? 2D202
E[FX] < o e SN+ > Nijbys

1<i,jSN 1<, jSN
Ty -,
Consequently, for ¢ > 0, and a choice of W = AAT for \;; = % and under the same

assumptions, the all-for-all algorithm reaches E [FK] < e for a total number T. of data item
sampled from personal distributions of:

D262 XL 1 ANLD?
T. < :
e S max ( g2 Z NE(20) 5

i=1

Proof. Combining Lemma 5 with the noise variance and regularity parameters of F*. O
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APPENDIX F. STOCHASTIC OPTIMIZATION TOOLBOX

F.1. SGD under strongly convex and smooth assumptions.

Lemma 4 (SGD, s.c. and smooth). Define ||m\|124 =x ' Az for some non-negative and symmetric

matriz A. Let f : X — R p-relatively strongly conver and L-relatively smooth with respect to %HxHZ
Let (ft, g1)t>0 be first order oracle calls such that for allt >0

E[fi(w)] = f(a),
veex, {Elg@]=Vi),
E[llgi(x) - V1 @)I°] < 02

for some 0 > 0. Let Ly be the largest eigenvalue of A, and assume that Ly < 1 (our result
generalizes to any Ly ). Let (x¢)i>0 be generated with:

vt z 07 xtJrl = :L't - Ugt(xt) )

for a fized stepsize i > n > 0, and assume that all the iterates lie in X. Assume that f is
minimized over X at some interior point x*. We have for any T > 0:

nLo?

E [f(z") = f(a)] < e ™ (f(2°) - f(=")) + p

For fized T > 0, setting n = min (1/(2L), L%T ln(f‘)L‘fZT)) gives:

Lo?

2
B /(") — f@)] < e (fa) - fla) + o in ().

Thus, for fixed target precision € > 0, using stepsize n. = min (%,ﬁ) and setting T, =

[In (5_1(f(m0) — f(:z:*))) L7 we have:

TNe L
( Zw)— )<,
t<T

0.2
T. < max (2;2 2L) I (e (F(2%) — f(z*)).

with a number of oracle calls

I

Proof. For some ¢ > 0, denoting f; = E [f(z'!) — f(z*)], using relative smoothness, unbiasedness
of the stochastic gradients and then relative strong convexity:

s = fo < = [0 F] + LE [la0)]
o [|[V 5] + AR ]

<—n(1—"LLA) I sta)F] + 52

Using relative strong convexity of f, we have:

IV *HW s
2u
< TAfta
yielding, for n < 1/(LL4)
772LLA0'2

1
—f, < —op
fr1 — [t ULAft+ 5
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Then, for some T > 0 and since L4 < 1, sum the above inequality multiplied by (1 — 77,u)7t71'

—t—1 —t 772L02 —t—1
D R R R A D IR D)

0<t<T—1 0<t<T—1
—t—1
C mPLo? (1 =)
) np ’
leading to the desired result. O

F.2. SGD under smoothness and convexity assumptions.

Lemma 5 (SGD, convex and smooth). Let f : X — R conver and L-smooth. Let (fi,gt)i>0 be
first order oracle calls such that for allt > 0:

Elfi(z)] = f(=),
veex, {Elg@]=Vi(),
E [lge(z) = VI (@)I] < o,
for some o > 0. Let (z1);>0 be generated with:
V>0, 2" =2t —ng(ah),

for a fized stepsize i > n > 0, and assume that all the iterates lie in X. Assume that f is
minimized over X at some interior point x*. Denote, for T >0, T = % Zo<t<T at. We have for
any T > 0:

|

nIl

[

E[f(z") - f(a*)] < + 0.

HIO_ *

For fized T > 0, setting n = min (1/(2L))7 T;H) gives:

2”1‘0 — x*Hcr 2L||x0 — a:*”2
< .

E (/") ~ fa")] < T -

Thus, for fixed target precision € > 0, we have:
fla Sat] - s <e
TE X b
t<T.
with a number of oracle calls
T. <l|2® — 2| (4022 + LeY).
Proof. Denote e; = E [th — x*||2}. We have:

err1 —er < —2n(Vf(z'), 2" —2*) + n’E [||gt2||]
< =2fy + PE |91 )]7] +0?)
< —2n(1 — Ln)f + n’c®
< —nfi+n’0?,

where we used convexity and smoothness assumptions. Then, summing:

€np — €
S < O g2,
t<T N

leading to the desired result. O
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F.3. SGD under convex assumptions.

Lemma 6 (SGD, convex). Let f : X — R convex. Let (fi, g1)e>0 be first order oracle calls such
that for allt > 0:
Elfi(z)] = f(z),

vwex. JEln@)]edfa),
E|llg(@)] < B2,
for some B > 0. For px the projection on the convex set X, let (z¢)i>0 be generated with:
Vi>0, 2 =px (e —ng(a))

for a fized stepsize n > 0. Assume that f is minimized over X at some interior point x*. We have

for any T >0 and for n = 12312); for D? > on —a:*HZ:
f lZa:t — f(z*) < ,/EBD
Tt<T VT '

Thus, for fized target precision € > 0, setting T. = [2e72B?D?| and using stepsize 1. = %, we

have:
/ (Tl > xt> - f@@") <e.

€<,
Proof. For any y € X', using properties of py:
o = yl* = [lpx (2" = nge(a')) = y|"
< |2t = nge(z®) — y|”
= |la* = y||” + n?[lge(=")?]| — 20(ge(a?), 2t — ).
Taking the mean and y = z*, with ¢, = E [||xt - x*ﬁ and f, = E [f(z%) — f(z*)]:
ers1 e +1°B* = 2n(Vf(z'), 2" —y)
e +1°B* = 2f,,

2
where we used convexity of f. Thus, f; < % + %, and by summing this inequality for
0<t<T:

— 2 2
th<€0 eT+77TB <e£+nTB.

2n 2 n 2
t<T

Thus, for n = %, we have the result using convexity of f. O
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